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Abstract
We numerically construct static and spherically symmetric electrically charged black
hole solutions in Einstein-Born-Infeld gravity with massive dilaton. The numerical solu-
tions show that the dilaton potential allows many more black hole causal structures than
the massless dilaton. We find that depending on the black hole mass and charge and the
dilaton mass the black holes can have either one, two, or three horizons. The extremal
solutions are also found out. As an interesting peculiarity we note that there are extremal
black holes with an inner horizon and with triply degenerated horizon.
1 Introduction
In recent years there has been an increasing interest in the Born-Infeld (BI) type of gener-
alizations of Abelian and non-Abelian gauge theories. Such generalizations appear naturally
in the context of the (super)string theory. The BI action including a dilaton and an axion
field, appear in the couplings of an open superstring and an Abelian gauge field [1]. This
action, describing a BI-dilaton-axion system coupled to Einstein gravity, can be considered as
a non-linear extension in the Abelian field of Einstein-Maxwell-dilaton-axion (EMDA) gravity.
It has also been shown that the world volume action of a D-brane is describe by a kind of BI
action arising as a sum over disc string diagrams [2].
Without any doubt the black holes are one of the most interesting objects in both pure
Einstein-Born-Infeld (EBI) and Einstein-Born-Infeld-dilaton(-axion) (EBID(A)) gravity. Black
holes in pure EBI theory were studied earlier in [3]-[5]. The motivation for considering
EBID(A) black holes is to understand the possible causal structures in the presence of a
dilaton (and axion) coupled to a nonlinear electromagnetic field. The nonlinearity of the elec-
tromagnetic field may lead to surprising phenomena. It was shown that a kind of nonlinear
electromagnetism produces nonsingular black holes satisfying the weak energy condition [6] -
[8]. It should be noted that this may contradict the strong version of the cosmic censorship
conjecture.
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Recently EBID black holes in four dimensions have been considered in [9], [10], and [11].
The three dimensional EBID black holes are studied in [12]. It has been shown that the
four-dimensional EBID black holes have remarkable properties which are not observed for
the corresponding EMD and EBI solutions. By examining the internal structure of the black
holes, it has been found that there is no inner horizon and that the global structure is the
same as the Schwarzschild one in both electrically and magnetically charged case.
In the black hole investigations performed so far the dilaton has been considered as mass-
less. The massless dilaton, however, contradicts the experiments. That is why, it is the EBI
black holes coupled to a massive dilaton, which are the most interesting from a physical point
of view.
The purpose of the present letter is to present numerical EBI black hole solutions with
a massive dilaton and to show that the massive dilaton allows many more black hole causal
structures than the massless dilaton. We find that depending on the black hole mass and
charge and the dilaton mass the EBI black holes can have either one, two or three horizons.
The extremal black hole solutions were also found out.
It should be noted that black holes coupled to a massive dilaton but within the framework
of ordinary EMD gravity were studied earlier in [13] and [14]. The authors of [13] using a
qualitative analysis argue that there may exist EMD black holes with three horizons and black
holes with a triply degenerated horizon in presence of a massive dilaton. The authors of [14]
present numerical EMD black hole solution with one and two horizons and also argue that
space-times with three horizons cannot be ruled out. Note, however, that no black solutions
with three horizons or with a triply degenerated horizon were presented in [13] and [14]. We
hope that the presented (numerical) black holes solutions (within the framework of EBID
gravity) in this letter are the first explicit examples of black holes with three horizons and
triply degenerated horizon in presence of a massive dilaton. This way we also confirm, though
within the framework of EBID gravity, that the massive dilaton, in general, allows black holes
with three horizons as well as with a triply degenerated horizon as it is argued in [13] and
[14].
2 Basic equations
We consider the following EBID action
S =
1
16π
∫
d4x
√−g [R− 2∇µϕ∇µϕ− U(ϕ) + LBI ], (1)
where R is Ricci scalar curvature with respect to the space-time metric gµν , ϕ is the dilaton
field and U(ϕ) is the dilaton potential. The BI part of the action is given by (see [9] and
references therein):
LBI = 4be2αϕ
{
1−
[
1 +
e−4αϕ
2b
F 2 − e
−8αϕ
16b2
(F ⋆ F )2
] 1
2
}
. (2)
Here ⋆F is the dual to the Maxwell tensor and α is the dilaton coupling parameter. In
the context of the string theory, the BI parameter b is related to the string tension α′ by
b = 1/2πα′. Note that in the b → ∞ limit our action reduces to the EMD system with
massive dilaton. It should be pointed that EBID action does not posses an electric-magnetic
duality. That is why one may expect that the electrically and magnetically charged black
holes will be different.
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We are interested in static and spherically symmetric configurations and therefore assume
the general static, spherically symmetric parameterization of the space-time metric
ds2 = −fe−2δdt2 + f−1dρ2 + ρ2dΩ, (3)
where f and δ depend on ρ only. As boundary conditions at infinity, we require the metric be
asymptotically flat and the dilaton vanish, i.e., ϕ(∞) = 0. Note that the condition ϕ(∞) = 0
is consistent with the asymptotic flatness when and only when the minimum of the dilaton
potential is chosen to be ϕ = 0.
In the present letter we consider only electrically charged configurations. In this case the
gauge potential has the form
A = −Φ(ρ)dt (4)
where Φ is the electric potential. From the BI equations we obtain
dΦ
dρ
= − Qe√
ρ4 + Q
2
e
b
e2αϕe−δ. (5)
The electric charge Qe is defined by Qe = − limρ→∞ ρ2 dΦ(ρ)dρ .
Using metric (3) and the expression for the electric field (5) in the field equations de-
termined by action (1) we get the equations for the structure of a spherically symmetric
black hole. Before we explicitly write them, we are going to introduce a dimensionless radial
coordinate
r =
√
bρ
and a dimensionless dilaton potential given by
U(ϕ) = 2m2DV (ϕ)
where mD is the dilaton mass. From now on, the prime will denote a differentiation with
respect to the dimensionless coordinate r. We also define other dimensionless quantities by
qe =
√
bQe , γ =
mD√
b
. (6)
It is also convenient to introduce the local mass m(r) defined by f = 1− 2m(r)/r.
With all these definitions the equations for a spherically symmetric black hole are reduced
to the following
m′(r) = 12fr
2(ϕ′)2 + 12γ
2V (ϕ)r2 + e2αϕ
(√
r4 + q2e − r2
)
,
δ′(r) = −r(ϕ′)2, (7)
ϕ′′(r) = −2
r
ϕ′ + f−1
(
f − 1
r
+ γ2V (ϕ)r + 2e2αϕ
√
r4 + q2e − r2
r
)
ϕ′
+f−1
(
γ2
2
dV (ϕ)
dϕ
+ 2αe2αϕ
√
r4 + q2e − r2
r
)
.
In order to satisfy the asymptotic flatness we impose the following boundary conditions
at the spatial infinity:
m(∞) = M, δ(∞) = 0, ϕ(∞) = 0 . (8)
3
Here M is the dimensionless black hole mass which is related to the dimensionfull mass
M byM = M/
√
b.
We also assume the existence of a regular or degenerated event horizon at r = Rh and we
have
fh = 0, ϕh <∞, δh <∞, f ′hϕ′h =
1
2
γ2
dV
dϕ
(ϕh) + 2αe
2αϕh
√
R4h + q
2
e −R2h
R2h
. (9)
where the variables with subscript h shows that they are evaluated at the horizon.
Under this conditions we obtain the black hole solutions numerically using the contin-
uous analogue of Newton method [15], [16]. We have carefully tested our numerical code
reproducing independently the results from the article [9]-[10].
3 Numerical results
In what follows we consider black holes with a dilaton coupling parameter α = −1 and dilaton
potential V (ϕ) = ϕ2.
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Figure 1: Radial dependence of the metric function f for different values of the parameter γ. The
solution corresponding to γ = 3.6 is extremal.
In Fig.1 we show the results of the numerical integration for the radial dependence of the
metric function f for different values of the parameter γ and for a black hole charge qe = 1.
The black hole radius is almost the same for those values of γ presented in the figure. The
curves f(r) for γ = 0, γ = 1, and γ = 2 represent EBI black holes with only one horizon and
mass M = 0.6, M = 0.76, M = 0.86, respectively. The curve f(r) for γ = 3.6 represents an
extremal black hole solution with mass M = 0.96. As an interesting peculiarity we note that
this extremal black hole has an inner horizon.
Solutions representing EBI black holes with three horizons are shown in Fig.2. The pa-
rameters qe = 2 and Rh = 1.69 correspond to a black hole with mass M = 1.93, while the
others correspond to black hole mass M = 1.82.
In Fig.3 we show the radial dependence of the metric function f for an extremal black
hole with a triply degenerated horizon. The mass of this black hole is M = 0.79.
We have also found EBI black holes with two horizons whose causal structure is of the
Reissner-Nordstro¨m type. The metric function f(r) for these black holes is presented in Fig.4.
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Figure 2: Radial dependence of the metric functions f for black holes with three horizons.
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Figure 3: The curve corresponding to Rh = 0.456 represents an extremal black hole with a triply
degenerated horizon.
The curves with Rh = 5.04, Rh = 5.58, and Rh = 6.11 correspond to black holes with masses
M = 4.1, M = 4.22, and M = 4.36, respectively. The solution with radius Rh = 4 represents
an extremal black hole with M = 4.
So far our considerations of the black holes causal structures have been performed in
Einstein frame. The Einstein frame and the string frame are related via the conformal factor
e−2ϕ. Since the dilaton field and its derivatives are regular everywhere except at the center
where they diverge, the black hole causal structures will remain the same in the string frame.
Conclusion
In this letter we have presented numerical EBI black hole solutions with a massive dilaton.
These solutions show that the massive dilaton allows many more black hole causal structures
than the massless one. Depending on the black hole mass, charge and the dilaton mass, EBI
black holes can have either one, two, or three horizons. Extremal black hole solutions have
been presented, too. There are extremal black holes with an inner horizon as well as extremal
black holes with a triply degenerated horizon.
An extended version of this letter containing a qualitative analysis and detailed numerical
study of the global physical characteristics (black hole mass, charge, temperature, etc.) of
both non-extremal and extremal electrically and magnetically charged EBI black holes and
for different dilaton potentials, will be published elsewhere.
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Figure 4: The function f represents Reissner-Nordstro¨m type black holes. The solution with Rh = 4
is extremal.
Acknowledgments
We would like to thank R. Rashkov for the useful comments. We would also like to thank D.
Wiltshire, G. Clement and D. Gal’tsov for pointing out some useful references.
References
[1] E. Fradkin, A. Tseytlin, Phys.Lett. B163, 123 (1985); A. Tseytlin, Nucl.Phys. B276, 391
(1986)
[2] J. Polchinski, hep-th/9611050
[3] M. Demianski, Found.Phys. 16, 187 (1986)
[4] D. Wiltshire, Phys.Rev. D38, 2445 (1988)
[5] H. d’Oliveira, Class.Quant.Grav. 11, 1469 (1994)
[6] E. Ayon-Beato, A. Garcia, Phys.Rev.Lett. 80, 5056 (1998)
[7] E. Ayon-Beato, A. Garcia, Gen.Relativ.Gravit. 31, 629 (1999)
[8] E. Ayon-Beato, A. Garcia, Phys.Lett. B464, 25 (1999)
[9] T. Tamaki, T. Torii, Phys.Rev. D62, 061501R (2000)
[10] T. Tamaki, T. Torii, gr-qc/0101083
[11] G. Clement, D. Gal’tsov, Phys.Rev. D62, 124013 (2000)
[12] R. Yamazaki, D. Ida, gr-qc/0105092
[13] R. Gregory, J. Harvey, Phys.Rev. D47, 2411 (1993)
[14] J. Horne, G. Horowitz, Nucl.Phys. B399, 169 (1993)
[15] I. Puzynin, I. Amirkhanov, E. Zemlyanya, V. Pervushin, T. Puzynina, T. Strizh, V.
Lakhno, Phys.Particles Nucl. 30(1), 87 (1999)
[16] T. Boyadjiev, M. Todorov, P. Fiziev, S. Yazadjiev, J.Comp.Phys. 166, 253 (2001)
6
